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On a process concerning inaccessible cardinals. I 
By G . F O D O R in Szeged 
With the aid of the process of MAHLO one can get a hierarchy of the weakly 
inaccessible ordinal numbers. This hierarchy is based on the class of the regular-
ordinal numbers. MAHLO [1] defined a function TT^ such that the range of 
at v = 0 is the class of the regular ordinal numbers, at v = 1 is the class of the weakly 
inaccessible ordinal numbers and at v = r\ is the class of the -numbers, etc. We 
replace n^0 by a function <p(/<) the range of which is the class of the strongly (or 
weakly) inaccessible ordinal numbers and we define a process which is in the first 
two steps similar to the process of MAHLO. 
We assume that each ordinal number is the set of all smaller ordinal numbers 
and that a cardinal number is an initial number cox. We denote by C the class o f 
all the ordinal numbers. For every ordinal number a, c«^ ) denotes the least cardinal 
number p such that cox can be expressed as the sum of (i cardinal numbers smaller" 
than tox. Obviously cf (a) ^ a . If cf(a) = a then cox is said to be regular; otherwise 
they are singular. An ordinal number a is called a limit number if there is no ¡5 such 
that a = p + 1 . We say that coa is a limit cardinal number if a is a limit number. 
A regular limit cardinal number is called weakly inaccessible. A weakly inaccessible 
cox is called strongly inaccessible if for every /?,/?< a implies A subset 
M of mx (or a subclass M of C) is called stationary if <x>x — M (or C — M) does n o t 
contain a closed subset (or subclass) confinal to cox (or C); otherwise it is called 
non-stationary. 
I f / i s a function and x is an element of the domain o f / then the value o f / at 
x is denoted by/(x). We consider such functions / f o r which/(x)is an ordinal number. 
We denote by Rf the range of the function / and by Rf/a the set of the values of" 
/ which are smaller than a. We call a function / on ¥ c C into C regressive if 
for every y £ M, y 0, the inequality f(y) < y holds, and /(0) = 0 if 0 £ M. Let A = cox 
or A = C, and let M be a subclass of A which is confinal to A. We call a function 
/ on M into A strictly divergent if for every y£A there is an ordinal number 
P such that M ) > y for 
In this paper we shall make reference to the following theorems. 
T h e o r e m I. If A = C or A = cox with cf (a) > 0, and M is a stationary subclass 
of A, then there is no strictly divergent function defined on M. (See [2].) 
T h e o r e m II. Let A = C or A = cox, where cox is a regular initial number with 
a>-0, and let K be a class of non-empty and mutually disjoint non-stationary sub-
classes of A. If the class of the first elements of the classes belonging to K is non-
stationary then the class UK is non-stationary. (See [3].) 
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T h e o r e m III. If A = C or A = 0)a, where oja is a regular initial number with 
o o O , and {ЛГ7}7<1 (т £ A) is a sequence of non-stationary subclasses of A then (J Ky 
is non-stationary. (See [4].) v < r 
Clearly this theorem is a consequence of Theorem 11. 
T h e o r e m IV. Let A = C or A=cox, where (ox is a regular initial number with 
a >0 . Further let {Ky)yiA be a sequence of non-empty and non-stationary subclasses 
• of A such that the first elements xy (y £ A) of the classes Ky (y £ A) are different and 
they are arranged in order of their magnitude i.e. x"y < xx for у<т. If the class F= 
= {ху}у6/( is non-stationary and if for every pair (у, т) of ordinal numbers with y<r 
.the relation xy (JKx holds, then (J Ky is non-stationary. 
This is a consequence of Theorem II. Indeed, let 
K'y — Ky-{xz}z>v 
.then the classes 
Ky — Ky — [J Кд 
д<у 
satisfy the conditions of Theorem II. 
By the definition of the process we assume (as a sufficient condition) the follow-
ing hypothesis: 
(H) The class of all the strongly (or weakly) inaccessible initial numbers is 
.stationary. 
We assume that the strongly (or weakly) inaccessible initial numbers have 
been arranged in a strictly increasing sequence 6 o , 0 , , ..., 0 ( , ... . If we associate 
with every its index we obtain a strictly divergent function <p on the class of 
the strongly (or weakly) inaccessible numbers for which the inequality <p(y) ^ у 
holds. Thus it follows from the hypothesis (H) and Theorem I that the class of the 
fixed points of. the function <p is stationary. 
The process yields for the even ordinal numbers a sequence of matrices (a hyper-
sequence) and for the odd ordinal numbers a matrix of matrices (a hyper-matrix). 
The idea of our process can be loosely described as follows. 
The 0-th step of the process is the strictly increasing sequence S0 of the strongly 
(or weakly) inaccessible initial numbers. 
The first step of the process is the matrix Л/, the rows of which will be defined 
recursively as follows. The 0-th row of Mx is the sequence S0. Let a > 0 denote 
a given ordinal number and suppose that we have already defined the £-th rows 
of M, for all £ < a . If a = /? + l then the a-th row of Mx is the strictly increasing 
sequence of all fixed points of the (strictly increasing) sequence of the elements 
of the [i-th row of Af t . If a is a limit number then the a-th row of M, is the strictly 
increasing sequence of the elements of the intersection of all the £-th rows of 
with 
The class of the 0-th elements of the rows of M, is stationary. To show this, 
we define the matrix M\ with the aid of M\ as follows. The a-th row of M is the 
sequence of the elements of the a-th row of M{ which do not belong to the (a + l)-th 
row of M j . If we associate with every element of the a-th row of M\ its index corres-
ponding to it in the a-th row of Mx then we obtain a strictly divergent regressive 
function <p on the classof the elements of thea-th row of M, .Itfollows from TheoremI 
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that this class is non-stationary. The class of the rows of M[ gives a decomposition 
•of C into non-empty and mutually disjoint non-stationary subclasses of C. There-
fore by Theorem II the class of the 0-th elements of the rows of Mx is stationary. 
The second step of the process is the hyper-sequence S2 the elements of which 
Ave define recursively as follows. The 0-th element of S2 is the matrix M , . Let a > 0 
denote a given ordinal number and suppose that we have already defined the £-th 
matrix belonging to S2 for all £ < a . We define the a-th matrix belonging to iS^m 
the same way as we have defined the matrix Mt starting from S0 but, in the case 
•a = [i + 1 we start instead of S0 from the strictly increasing sequence of the 0-th 
° elements of the rows of the /?-th matrix belonging to S2 and, in the case of a limit 
number a, from the strictly increasing sequence of the elements of the intersection 
of the classes of the 0-th elements of the rows of the ^-th matrices belonging to S2 
with £ < a . 
The class consisting of the elements (0, 0) of the matrices belonging to S2 is 
stationary. To show this, we define the hyper-sequence S2 = N'[, ...} with the 
aid of S2 as follows. First we form the matrix N'x starting with Na in the same manner 
as we have formed M\ starting with M\. Thus, we obtain that the class of the ele-
ments of an arbitrary row of N'tt is non-stationary. After this we form the matrix Nx 
starting with N'x in. such a manner that we omit the rows of N'a the 0-th elements 
of which belong to the 0-th row of Na+i. If we associate with the 0-th element of 
every row of Nx its index corresponding to it in the strictly increasing sequence 
of the 0-th elements of the rows of Na then we obtain a strictly divergent regressive 
function on the class Oa of the 0-th elements of the rows of Nx. Thus, by Theorem I 
the class Ox is non-stationary. Since no two different- rows of Nx contain common 
elements and the class of the elements of an arbitrary row of Nx is non-stationary, 
it follows from Theorem II that the class of the elemets of the matrix Nx is non-
stationary. 
On the other hand, for every 0 < /? < a there corresponds to every element 
7 of Nx one, and only one row R'p(y) of N'p the 0-th elements of which is y (and no 
element of Nx belongs to an N'p with /?>«). Therefore, it follows from Theorem III 
that the union U Rp(y) = Q(y) of the classes Rp(y) (/?<«) is non-stationary. In this 
P<01 
way to every element y of AC there corresponds a non-stationary class Q(y) the 
smallest element of which is y. Since the class of the elements of an arbitrary row 
of Nx is non-stationary, it follows from Theorem IV that the union Q of these non-
stationary classes Q(y) corresponding to the elements y of an arbitrary row of N'x 
is non-stationary. In this way to every row of Nx there corresponds a non-stationary 
class the smallest element of which is the 0-th element of the row. Since the class 
Oa of the 0-th elements of the rows of Nx is non-stationary, it follows from Theorem IV 
that the union Ua of the classes Q corresponding to the rows of Nx is non-stationary. 
In this manner to every matrix N'x there corresponds a non-stationary class Ua 
the smallest element of which is the element (0, 0) of Nx. Since the union of the 
classes Ux is equal to C, it follows from Theorem IV that the class of the (0, 0)-th 
elements of the matrices Na, is stationary. 
The third, step of the process is the hyper-matrix M3 = (LpyX) the rows of which 
we define recursively as follows. The 0-th row of M3 is the hyper-sequence S2. 
Let 0 denote a given ordinal number and suppose that we have already defined 
the <j-th rows of M3 for all t p. We define the P-th row of M3 in the same way as 
8 A 
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we have defined the hyper-sequence S2 starting from S0, but in the case p = y + f 
we start instead of S0 from the strictly increasing sequence of the elements (0, 0) 
of the matrices belonging to the y-th row of M3 and, in the case of limit numbers a, 
from the strictly increasing sequence of the elements of the intersection of the 
classes of the elements (0,0) of the matrices belonging to the £-th rows of M3. 
with £</?. 
The class formed by the elements (0, 0) of those matrices which are the 0-th 
elements of the rows of M3, is stationary. To show this, we define the hyper-matrices 
M3=(L'p^, M'3={Lp^) and M3 =(Lp\(i») with the aid of M3 as follows: 
(1) We form the matrix starting with Lp^ in the same manner as we have 
fromed M\ starting with Mu thus we obtain that the class of the elements of an. 
arbitrary row of is non-stationary. 
(2) We form the matrix starting with L'P a in such a manner that we omit 
the rows of L'n^ the 0-th elements of which belong to the 0-th row of L i i I t l ; thus, 
we obtain that the class of the 0-th elements of the rows of is non-stationary. 
(3) We form the /?-th row of M3 in such a manner that we keep (in the order 
of the elements of P-th row of M3) only those matrices the elements (0, 0) of 
which belong to the 0-th row of the matrix Lp + 1,0~, thus we obtain that the class: 
of the element (0,0) of the matrices belonging to the /?-th row of M"3 is non-stationary. 
Consider now the hyper-sequence S"p = {Lp>0, Lp:l, ...}. For every 0 < y < a , 
there corresponds to every element t] of Lp-a one, and only one R'y(il) of L'p v the: 
0-th element of which is r] (and no element of L"piX belongs to an L'p^ with y >a) . 
Therefore, it follows from Theorem III that the union |J R'yil) = Q'Ol) of the 
y<a 
classes R'y(t]) (y < a) is non-stationary. Similarly, there corresponds to every element 
77 of Lp^ one, and only one row R'^y of L'Ziy, where T and y -= fy, the 0-th element 
of which is f]. Theorem III implies that ( j U R",y = 6"(f ) is non-stationary. Put 
T</? y<li 
Q(rj) = Q'(t7) U Q"{ri). In this way to every element /7 of L"p<0L there corresponds a non-
stationary class Q{rf) the smallest element of which is rj. Since the class of the elements, 
of an arbitrary row of L'p>(l is non-stationary, it follows from Theorem IV that the 
union Q of these non-stationary classes Q(ri) corresponding to the elements /7 of 
an arbitrary row of L"p>a is non-stationary class the smallest element of which is 
the 0-th element of the row. Since the class of the 0-th elements of the rows of L'pt x 
is non-stationary, it follows from Theorem IV that the union UpiX of the classes Q 
corresponding to the rows of L"pA is non-stationary. 
Since every element of L'ptnm belongs to the 0-th row of LPt0, for every y<P 
there corresponds to every element 1 of L"ptn(ei one, and only one element of Sy 
the element (0, 0) of which is ¡.1 (and no element of belongs to an element 
of Sy with y >/?). Thus, for every y < /5, there corresponds to every element fi of 
Lp^iii) one, and only one element of the sequence Uy= {{7Vi 0 , Uhl, ...} the smallest 
element of which is p. Since the class of the elements of an arbitrary row of £-/£,0» 
is non-stationary, it follows from Theorem IV that the union of the non-stationary 
classes corresponding to the elements of an arbitrary row of L'p^m is non-stationary. 
In this way to every rovy of L'^^a) there corresponds a non-stationary class the 
smallest element of which is the 0-th element of the row. Since the class of the 0-th 
elements of the rows of Lp^u» is non-stationary, it follows from Theorem IV that 
Inaccessible cardinals. I 115" 
the union Pptq(j) of these non-stationary classes corresponding to the rows of L'p<nu» 
is non-stationary. In such a manner there are associated with L'p^u» two non-
stationary classes, Up^u» and Pp^w- By Theorem III the union Rpin<^> of these 
classes is non-stationary. The smallest element of Rp,^ i is the element (0, 0) of 
>). Since the class of the elements (0, 0) of the matrices belonging to the sequence 
L'Haut), ... is non-stationary, it follows from Theorem IV that the union 
Vp of the classes , ( i ) , ^ ^ ) , ... is non-stationary. The smallest element of Vp 
is the element (0, 0) of Lp 0 . Since the union of the classes Vp is equal to C it follows 
from Theorem IV that the class formed by the elements (0, 0) of those matrices 
which are the 0-th elements of the rows of M, is stationary. 
If we omit the rows of M™ in which the elements (0, 0) of the 0-th elements 
agree with their indices in the increasing sequence of the elements (0, 0) of the 
0-th elements of the rows of then we obtain the hyper-matrix M®V). It can be 
proved that every strongly (or weakly) inaccessible initial number ¡i contained 
in the matrices belonging to AÎ3V) has the property that the set of the strongly 
(or weakly) inaccessible initial numbers smaller than ¡i is non-stationary in p. 
The process can be carried further; starting with the hyper-matrix M3 we can 
form the hyper-sequence S4 etc. 
§ 1. The definition of the process 
We assume that all the strongly (or weakly) inaccessible ordinal numbers 
are arranged in a strictly increasing sequence 60, G1,..., 9lt, ... and we put (p(fi) = 0,L. 
We denote by ((p(p))' the fixed points of the function cp(ß) i.e. all ordinal numbers fi, 
arranged according to their magnitude, for which q>{p) = ¡i. 
We define by transfinite induction the functions 
(1) /0(aW), A(<*«», a« ) , ...,/„(a<°>, a « , . . . ,«№), . . . , 
the variables rj and a M ranging over all ordinal numbers. Now, we define (1) as 
follows. We put / (a ( 0 ) ) = (p(a(0)). We define the function ./i(a(0), a(1)) by transfinite 
induction. Let 
7 i W 0) = / o («№)), 
/ , ( 0 ^ , 0 + 1 ) - (/^№>,<5))', 
Rfi (a(0), X) = f] Rf№°\ Q) for any limit number X. £>< A 
The process by which we have constructed the function / t(a ( 0 ) , a(1)) is called the 
first operation and we denote it by F j . Let now £ 1 be a given ordinal number 
and suppose that the operations and the functions/„(a (0 ), a (1), ..., aK), ..., a w ) , 
where have been already defined. We define the operation and the 
function/{(a (0 ) , a (1), ..., a w , ..., a(?)) as follows. There are two possibilities: 
a) ^ is an ordinal number of the first kind, i.e. ^ = t + 1; 
b) c, is an ordinal number of the second kind. 
In the case a) let 
/t+1(a<°>, «»), «W, ..., a«, 0) = / I (a ( 0 ) , a ^ , ..., a « , ..., a«). 
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Let now ?< > 0 be a given ordinal number and suppose that the functions f z + ^a*0 ' ,^1*, 
. . . , a ( , l \ ..., a ( t ) , v), where have already been defined. Then we define 
the function fz+ i(a (0), a ( 1 ) , 0, . . . ,0 , . . . ,0 , x) with the aid of the operation I \ as 
follows: Let 
(2) / t + 1 ( a W , 0 , . . . , 0 , . . . , 0 > i ? + l) = ( / t + 1 (0 , V.., 0 , . . . , aW, e))' 
if X = Q + 1, 
(3) Rfz+, (a(°), 0, ..., 0, ..., 0, x) = n Rfr+! (0, • • •, 0, ..., a « , v) 
v < x 
if x is a limit number, 
/ t + 1 ( « ( 0 ) , »7 + 1,0, ..., 0, ..., 0, *)=(/ t + 1(a<°>, n, 0, ..., 0, ..., x))' and 
i? / t + 1 (aW, X, 0, ..., 0, ..., 0, x) = fl RA+ ,(a (0 ) , <5, 0, ..., 0, ..., 0, x) 
if X is a limit number. So we obtain the func t ion / I + 1 (a ( 0 ) , a ( 1 ) , 0, ..., 0, ..., 0, x) 
and applying step by step the operations r 2 , r 3 , . . . , ... we obtain 
the functions 
/ t + 1 ( a«» , «(1)> «(2). 0, - . , 0 , ...,0,x) 
/ t+1(a<°>, flft", .... a « , 0 , ..., 0, ...,0,x) 
i.e. the funct ion/ t + 1 (a ( 0 ) , a ( 1 ) , ..., ..., a ( t ) , «). Thus we have defined the function 
/ r + ! ( a ( 0 ) , a ( 1 ) , ..., a w , ..., a w , k) for all ordinal numbers x. 
In the case b) we define the function 
/?(a<°>, a '1 ' , . . . , a « , . . . ,0) 
as follows: Let 
/i(a(0)> 0, ..., 0, ..., 0) = / 0 ( a ( 0 ) ) 
/ 4 ( «W) , a ^ , 0 , . . . , 0 , . . . , 0 ) = / 1 ( a ( ° > , a ( i > ) 
ft(af-°\<*» . . . .«W.O, . . . ,0 , . . . ,0) = / > < ° > a « , . . . ,«№), 
Let now « > 0 be a given ordinal number and suppose that the functions 
f s { a<0), a ( 1 ) , ..., a ( " \ ..., v), where 0 S v < ^ , have already been defined. Then we 
define the function /¡¡(a^, a ( 1 ) , 0, ..., 0, ..., x) with the aid of the operation I \ 
as follows: Let 
(4) R f s W ° \ 0 , .,., 0, ..., e + l) = n Rfi(0, 0, ..., a « , 0, ..., 0, ..., q) 
if x = 0 + 1, 
( 5 ) ^ ( A ^ O , . . . , 0 , . . . , * ) = N ^ / I ( « ( O ) . 0 , . . . , 0 , . . . , V ) 
V < x 
if is a limit number, 
/ / ' , 1 + h 0, ..., 0, ..., x) = { f ^ ° \ n, 0, ..., 0, ..., x)Y 
and 
RfM°\ X, 0, ..., 0, ..., x) = f l i?/iO(0),<5, 0, ..., 0, ..., x) 
d<>. 
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if X is a limit number. In this way we obtain the function/?(oc(0), a ( 1 ) , 0, ..., 0, ..., x) 
and applying step by step the operations r 2 , r 3 , ..., r , , , ... ( n ^ O we obtain the 
functions 
/e(a<°>,aW, aW, 0, . . . ,0 , ..., *) 
i • : 
/?(«(0), a(1), ...,«<*>,0,...,0,...,x) 
i.e. the function f((a(0), a ( 1 ) , ..., a 0 0 , ..., x) for all ordinal numbers The process 
by which we have constructed the function / i (a ( 0 ) , a ( 1 ) , . . . , a w , ..., a ( i )) is called 
the ¿;-th operation and we denote it by r { . 
In this manner we have defined the functions 
/o(« (0 )). / i(«< 0 ) , «(1)), .... /«(a®, <*(1), aW, ..., a®), ... 
for the variables !;, a ( i ) ranging over all ordinal numbers. Consider now the functions 
/„(oc(0), oc(1), ..., a(l,)). For n + l ^ r j let us denote by = ...,a(">) 
the set of ordinal numbers = cc(i")(a.(f,+1\ . . . , a M ) , arranged according to their 
magnitude (i.e. o4" )<04+i)> for which 
/ „ ( 0 , . . . , 0 , . . . ,«<">, > 
and for n — t] let us benote by An<n{0) the set of the ordinal numbers a ^ =a^ ) (0 ) , 
arranged according to their magnitude, for which 
/ „ ( 0 , . . . , 0 , . . . , a f ) >«<»>. 
Further, for // + 1^?; let us denote.by n M = « i l>,(a( 'I+1), ...,.a(,,)) the smallest ordinal 
number y. for which 
y = / „ (0 , . . . ,0 , . . . ,y ,a<"+ 1>, ...,aW), 
and for ¡i = r\ let us denote by.nTO(0) the smallest ordinal number y for which 
y=fn(0, . . . ,0, . . . ,y). 
Let n = f] and let a'"', ..., be given ordinal numbers. We denote by 
the values off s(ot (°\ a.{l), ..., aj,v), ..., a ("\ ..., a (n))<oc for which the conditions 
4°) - a<2>, ..., a « ..., «<*>, ...,«(">)6 A0>,(a"), a\2\ ..., <> , . . . , a « , ..., a « ) , 
= a^ (« i 2 ) 5 43>, . . . , « « . . . ,«№, ..., 6 >1,, ,(««>, a»>, ...,a_W), 
< v ) = («£ + 1 } , • • •, «<">, • • •, 6 x), • • •, • • •, a w ) 
hold. 
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§2. Results 
We prove now the following 
T h e o r e m 1. If i<w and a = « i i(0) then the set of the ordinal numbers of the 
form fi(c^°\ a (1 ) , ..., a(iy) <a is non-stationary in a. 
P r o o f . We distinguish three cases: 
. (a) / = 0, (b) i = 1, (c) / s 2. 
Case (a). By definition, «0>0(0) is the smallest ordinal number Q for which 
Q = /<,(<?)• Therefore, the set of the ordinal numbers of the form /0(a (0>) a is equal to 
(6) M = {/o(4 0>):4°>^o,o(0) and a<°> <«}. 
We define a function g on M as follows: 
s ( /o (4 0 ) ) ) = 4 0 )-
It is easy to see that the function g is strictly divergent and regressive on the set (6). 
Thus, it follows from Theorem I that the set (6) is non-stationary in a. 
Case (b). By definition, «, _, (0) is the smallest ordinal number Q for which 
Q =/ i (0 , g). Therefore, the set of the ordinal numbers of the form/ i (a ( 0 ) , a (1 )) < a 
is equal to 
(?) \J{f№0)(P)>PY- and «i°»(/?) <=«}. f<x 
We must prove that this set is nonrstationary in a. 
First we prove that the set M ^ I / ^ 0 , /?): a} is non-stationary. For this 
reason we define a function g on M by writing g(/ t(0, fi)) — ¡3. Since / , (0 , T) is a 
strictly increasing function of the variable x and for every ordinal number /?< a 
the inequality /? </ i (0 , ft) holds, it follows that g is a strictly divergent and regressive 
function on M. Therefore Theorem 1 implies that the set M is non-stationary in a. 
Our next purpose is to show that, for each the set 
is non-stationary in a. For each / ?<a we define a function gp on N{fi) as follows: 
gfi{fM0}(P)>P)) = 40)(P)-
Since for a given ft the inequalities 
and P) (fi), p) 
hold, it follows that gp is strictly divergent and regressive on N(f.J). Therefore 
Theorem I implies that the set N(fi) (fi < a) is non-stationary in a. 
We are now ready to prove that the set (7) is non-stationary in a. Observe that 
the set of the first elements of the sets N(f>) with /?<a is {/,(0, fi): /?<a}. Thus, 
the preceding considerations imply that the set (7) is the union of non-empty and 
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mutually disjoint non-stationary sets (namely the sets N(/1) with /?<oc) the set of 
the first elements of which is non-stationary. Therefore Theorem II implies that 
the set (7) is non-stationary in a. Hence, in the case (b), the proof is complete.. 
Case (c). Let be a given natural number. Denote by y(P) the value 
/ , (0, ..., 0, ..., /?). We begin the proof by showing the validity of the following 
statement. 
(i) Assume that /MO. Then y(fl) satisfies the equality 
•№=№ •••> o, y(P), Vk\ .... 
for every j, 1 S / S /, provided that ip(i) and ij/(k> •< y(P) ( j ^k i). 
Since y(/?)=/;(0, ..., 0, ...,/?), we have 
(8) y(p)tm<*°\0,...,0,...,.p). 
I t follows from (2) and (3) that 
(9) - V € R № - . 0 , . . . . a « " " , v) 
for every v < p. First we show that y(P) satisfies the equality 
(10) y(p)=fi(0,..„0,...,y(p),v) 
for every v<p. If not, then there are two ordinal numbers v 0 </? and t 0 <y( / ? ) 
such that 
y(fi)=M0, - . , 0 , . . . , t 0 , v0). 
By (2) 
f ( a<°>, 0, ..., 0, ..., v0 + 1) = (/¡(0, ..., 0, . . . , «< ' - " , v0))'. 
This means that 
<11) y(P)$ Rft(ct°\0, . . . ,0 , ..., v0 + l). 
In virtue of the relation. (8), we conclude that v0 + 1 </?. On the other hand it 
follows from (11) and the construction of / ¡ (« ( 0 ) , a ( 1 \ • <x(") that 
y ( P H R f № , - . 0 , -.., a ( i " v0 + 1). 
But this contradicts the fact that the relation (9) holds for every v < ft and we conclude 
that y(P) satisfies (10) for every v<p. 
Let now / be a natural number for which 0 < / < / . Assume that whenever 
i j /M^P and il/ (m)<y(P) ( l + l ^ m ^ i ) , then 
<12) - y ( p ) = f i ( 0 , . . . , 0 , . . . , y ( p ) , r + l \ - , < P ( m \ - , r i ) ) -
Since y(P)=fi(0, ..., 0, 0, ..., y(fi), i/A0) for every ordinal number it remains 
to prove that this assumption implies the equality 
for ij/ ( i ) < P and < y(P), where / S m < /'. 
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It .follows from the definition of / ( a ( 0 ) , a ( 1 ) , ..., a ( i )) that, for giveni 
...., ..., the equalities . ' 
( 1 3 ) , . . i / , ( # ! 0 , . . , 0 ) . . . j ( / i ) ) f + ' ) . . , f ) = 
• - - n */,(<>, - ; 0 , ...,<A®) 
ii<7(« 
and 
(14) /,(<*«» 0, ..., 0, .'.., n + 1, ..., <A«) = 
= ((/¡(0, ..., 0, .,., «c+o, A1> ^(«+1), ,/,«))' 
hold. By (12) and (13) we obtain for given t^(m) ( / + 1 S m S i ) , where i//m) < y(/?) 
( / + 1 ^ m < 0 and i/f<0 < p, and for every ¡i < y(/?) that 
(15) y ( P ) £ № b , . . . , 0 , . . . , a ( ' - » 
Now we show that for given ip(m) ( / + where i/' (m)<y(j?) ( / + l ^ m < i ) 
and i/'(i) < P, and for every < y(/?) the ordinal number y(P) satisfies the equality 
In the contrary case there are two ordinal numbers', fi0 < y(P) and T0 < y(P), such tha t 
y(P)=fi( 0 , . . . J 0 , . . . , T O s A i o , ^ + 1 > , . . . ^ ® ) . 
Hence, by (14), we have -
y(P)$Rft№°\ 0, •••, 0 , . . . , fi0 + 1 , <A<'+1>,..., 
Consequently, by the definition o f / ; ( a ( 0 ) , a ( 1 ) , ..., a ( , )), 
Since y(P) is a limit number, and in virtue of this /i0 + 1 < y(p), the last relation 
contradicts the fact that (15) holds for every fi < y(P). Thus, we may conclude that 
if 0 </-</", xj/(i) < P and ip(m) < y(P) for l^ m<i,. then 
The proof of the statement (i) is complete. 
The same method can be used to prove the following statement. 
(ii) Assume that a(k\ ..., a ( i ) ( 0<A:S i ) are given ordinal numbers and a"" ^0. 
Then y = / ,(0, . . . ,0 , a w , ..., a ( , )) satisfies the equality . 
y = / ,(0, • • •, 0, y, r», ..., ..., </>«•>, + 1 >, ..., a«) 
•for every j ( l ^ j ^ k ) , provided that \jj{k) < ctik) and ip(m> < y for each m (j^im^k). 
Now we proceed to prove the following statement. 
(iii) Assume that a ( 0 ) , ...,a<<l), . . . ,a ( i ) are given ordinal numbers, a '01 ^0 and 
a(k} ji0. Then y = / ( a ( 0 ) , 0, ..., 0, a((l), ..., a(i>) satisfies the equality 
y = / ¡ ( 0 , ..., 0, y, iA(J'>, ..., ..., a(t+ .... a»') 
/or eye/7 j (1 = k), provided that \p(k> and \p(m) <y for each m (jSm^Sk). 
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-'' Let us dénote by X the ordinal numbers a(t). It follows from the 'definition. 
f(a<0\ a(1), ...,«<*>) that • ' 
/,(«?», 0, . . . ,0 , ¿? + l ,a(«+»,_. . . ,««) = (/ ((o, . . . , 0 , 0 » - " , e,*ik+1), 
for X—g+1, and 
0, ..., 0, X, a<A+1>, ..:", a">) = f | RfiQ, - , 0, a ' ' - » , v, a«+1>, ...', a« ) . v<A 
These imp".y that for every v < X ' . 
(16) y€Rfi{0, . . : , 0 , a « < - » , v , a ( " + 1 V . . . ; a « ) . 
Since 
/ , ( a«", 0, .., 0, v + 1, . ' . . .a«) = (/¡(0, ..., 0, y.(k~'\ . . . , a« ) ) ' 
for v < 2 and 
/ ¡ ( ^ 0, . . . ,0 , v + 2,a«+ 1>, . . . ,a®) = (/¡(0, . . . ,0 , a«"1) , v + 1 , ««+<>, :..,«<'>))'" 
for v + l < A , the relation (16) implies that, for every v < A , 
• y = ¿ ( 0 , . . . ,0,y ,v,a( f c + 1 >, . . : , a « ) . 
Tlius, by (ii), we obtain that for every 0 
y = / , ( 0 , ..., O . y , ^ ) , . . . , «№+«, . . . , « « ) , 
provided that i / A ^ a ^ and i/^(m)<y for each m ( j ^ m < k ) . 
Now we can prove the following statement. 
(iv) L e i {/c,)1Ss ( i = /) be the strictly increasing sequence of the natural numbers-
k^i for which a'k) ^0. Assume that k0 = 0. TV/en y =fi(a.<-°\ ..., a(i)) satisfies the-
equality 
y = / ¡ ( 0 , ..., 0, y, ..., . . . , 0, ..., 0, a»«"), «to) 
for every I (1 = l^s) and for every j (1 =/ ' A-,), provided that \pik,) < a№,) and tp{m} < 7 
for each m (jSm^k,). 
Indeed, if (iv) is true for a fixed /, 1 * I<s, then 
y = / f (y , 0, ..., 0, «W, 0, ..., 0, «№'+», ... , a«). 
I f we apply (iii) for a'0' = y then we obtain that the number satisfies the equality 
y = / , (0, ... ,0, y, <//<», ..., ..., 0, . !., 0, off" «), ..., a « ) 
for every 7 (1 S j = k,+,), provided that + < a ( t ' + l) and i/i(m) < y for each 
w { j ^ m < - k l + i ) . This proves the statement (iv). 
Now we proceed the proof of Theorem 1 by showing that the set 
(17) Rf(0, .... 0, .... fi)jx 
is non-stationàry in a. We define a function on M — RfiO, ..., 0, ..., /?)/a by writing 
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Since /¡(0, . . . ,0 , ..., t ) is a strictly increasing function of the variable x and 
:for every / ? < a the inequality 
/?</; .(o, . . . , o 
holds, we obtain that the function g is strictly divergent and regressive on M. There-
fore Theorem I implies that the set (17) is non-stationary in a. 
After this we prove the following statement, 
(v) For every k, 0 < k S i, the set 
R f f a f , ..., a.?'", a « , ..., a®)/a 
is non-stationary in a, where a(k), ...,a(i) are given ordinal numbers <a. 
By definition 
..., a®) = {<>: /¡(0, ..., 0, a « , «(*+», ..., a« ) > a « } , 
where a ^ ' ( a ( i : + 1 ) , ..., a(i)) is a strictly increasing function of Q for given 
Consider now the sets 
= /?/,((), ..., 0, a « aC*+1>, ..., a«, ..., a®)/a = 
= {/|(0, «<*+»,...., «: . . „ a « ) } , 
where 0 a n d a t t ) (fc + 1 s / s /) are given ordinal numbers < a . We define 
the functions gk (k = 0, 1, ...,i— 1) on the sets Bk (k = 0, 1, . . . , / — 1) as follows: 
gk(ft{0, ..., 0, «!,"', «(*+'>, ..., a®)) = a«). 
I t follows from the definition of the Ak<i(a№+1), ...,a(i>) ( £ = i i - l ) that the 
inequalities ^ 
att)(«№+!),..., ««) < a f » 1 ( a ( t + 1 ' , . . , a®) 
and 
0, . . . , 0 , < , a C + 1 > , ..., a®) c / K O , , . . ^ , « ^ ! , • « » + « . . . ,a®) 
hold for A:==0, 1, . . . , /—1. These imply that the functions gk (k = 0, 1, . . . , /—1) 
are strictly divergent and regressive on the sets Bk (k = 0, 1, ...,?'— 1). Therefore 
Theorem I implies that the sets Bk (k = 0 , 1, ..., i— 1) are non-stationary in a. 
The preceding considerations show that, by given a ( 1 ) , ..., a (*\ ..., a ( i ) < a > 
the sets 
-fio = Rfi(*f\ ..., a«, ..., a®)/a 
= /?/i(0, ..., 0, a»>, a<*+1), ..., a®)/a 
are non-stationary in a. 
Suppose now that set 
y?/i(40), ..., a'*-1*, a<*>, ..., a®)/oc, where 0 < / c < ; , 
is non-stationary in a. This means that for every fixed €^> i(a (" : + 1 ) , ..., a( l)) 
the set 
Rfi(af\ «<*"», <>, «<*+», ..., a®)/a 
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i s non-stationary in a. On the other hand it is easy to verify that for any two different 
-elements and a''l) the sets 
RfM°K a«1', ..., qik\ a<k^\ ..., a®)/« 
-and i?/i(40)> 4U> a ("+ 1 ) , a(i))/« 
.have no common elements. 
Since the set of the first elements of the sets 
Rft(oc<°\ a<", ..., <>,a(*+1>, ..., a®)/a 
with a ik) £ A i ( x < k + r>, ..., a(iy) is equal to 2?k we obtain from Theorem III that the 
union of these sets is non-stationary in a. 
Thus we have proved the statement (v). 
Since the set Rf,(0, . . . ,0 , ft)/a. is non-stationary in a, we obtain from (v) 
that the set 
M = Rf-x 4 ° > , o 4 ' \ . . . , « « ) / « 
is non-stationary in a. 
Consider now an arbitrary element y—f,{a(0), of M. Let {kt},ms 
"(s^i) be the strictly increasing sequence of the natural numbers k, 0 S k ^ i , for 
which a(k) 0. Let us denote by n0 the smallest natural number I S s for which 
2. Then the statements (i)—(iv) imply that y satisfies the equality 
<18) ' 7 = / / ( 0 , 0 ,7 , ..., ^cwaf t .+ i), «(0) 
for every I and for every j (l^y'SA:,), provided that afkl) and 
-i¡/(m)<y for each 
Let us denote by S,j, where n0SlSs and l ^ j ^ k , , the set of the sequences 
such that il/V") <a(-kl) and ip(ln> < y for j ^ m ^ k , . It is clear that the power of the 
set S u is s y' = y. 
It follows from the statement (v) that, for any element OA0', •••, i//(m\ ...,.( 
of Slyj, the set 
JBW\ ..., ..., = R f , ( a f \ ..., a"-", y, ..., a<*'+1>, ..., a®)/« 
is non-stationary in a. 
Since y < a , Theorem II implies that the set 
* ( y ) = u U U - U - U B № w , . : . , ^ « ) , ...,*№»>) 
is non-stationary in a. On the other hand, by (18), the smallest element of the set 
B(y) is y. 
In this manner we have associated with every element y = / ; ( 4 0 ) , 4 l )> •••> a!r") 
-of M a set 4 ° , ..., a*.0) the smallest element of which is y. 
It only remains to prove that 
U * ( v ) 
KM 
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is non-stationary in a. Since the set M is non-stationary in a, the sets 
Bk = Rft(0, ..., 0, af\a<*+», a«)/a 
are non-stationary in a, where cc[l), ..., a<*+1), ..., a^0 are fixed ordinal numbers: 
< a . Since By is non-stationary in a and the set of the smallest element of the sets 
B{zf\a[-IJ, a<,2\ ..., a(.i>) = B(a(J>) is B,, Theorem IV implies that the set 
U U ...,«<<>) 
i, . ai°'<a aj''-=:a 
is non-stationary in a. 
Suppose now that the set 
= u - U B ( 4 ° ) , « [ « . . . . O I » - 1 » , A?), . . . , « ? ) ) 
is non-stationary in a. It is easy to verify that the smallest element of the set: 
B(tXpk), ...,o£>) is /¡(0, . . . ,0 , o<*>, ..., a(J>). Thus the set of the first elements of the: 
sets B{af\a<*+1>, . . , a « j with a(ek> £Ak:i(a[k+,>, ...,a'J)) is equal to Therefore 
Theorem IV implies that the set 
u ' * ( « ? > , « T V . . , « ? * ) 
a<*>«x 
is non-stationary in a. In other words the set 
U B(y) yiM 
is non-stationary in a. The proof of Theorem 1 is complete. 
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